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NORM ESTIMATES OF THE PARTIAL DERIVATIVES FOR
HARMONIC MAPPINGS AND HARMONIC QUASIREGULAR
MAPPINGS
JIAN-FENG ZHU
Abstract. Suppose p ≥ 1, w = P [F ] is a harmonic mapping of the unit disk D
satisfying F is absolutely continuous and F˙ ∈ Lp(0, 2pi), where F˙ (eit) = d
dt
F (eit).
In this paper, we obtain Bergman norm estimates of the partial derivatives for
w, i.e., ‖wz‖Lp and ‖wz¯‖Lp , where 1 ≤ p < 2. Furthermore, if w is a harmonic
quasiregular mapping of D, then we show that wz and wz¯ are in the Hardy space
Hp, where 1 ≤ p ≤ ∞. The corresponding Hardy norm estimates, ‖wz‖p and
‖wz¯‖p, are also obtained.
1. Introduction
In this paper, we mainly deal with planar harmonic mappings and planar quasireg-
ular mappings. For the convenient of stating our motivations and results, we in-
troduce the definitions of the Bergman norm, the Hardy norm and quasiregular
mappings in n-dimensional.
Throughout this paper, we let B(x, r) be the open ball in Rn (n ≥ 2) with the
radius r and centered at x, denote by Bn the unit ball of Rn, i.e., Bn = B(0, 1).
Given x ∈ Bn, we write Bx = B(x, (1− |x|)/2). The boundary of B(x, r) is denoted
by Sn−1(x, r) and we write Sn−1 = Sn−1(0, 1). For n = 2, we let D be the unit disk
in the complex plane C, and T the unit circle.
Bergman norm. Denote by Lp(Bn) (1 ≤ p ≤ ∞) the space of measurable functions
on Bn with finite integral
‖f‖Lp =
(∫
Bn
|f(x)|pdm(x)
) 1
p
, 1 ≤ p <∞,
where dm(x) is the normalized Lebesgue measure on Bn, i.e.,
∫
Bn
dm(x) = 1. For
the case p =∞, we let L∞(Bn) denote the space of (essentially) bounded functions
on Bn. For f ∈ L∞(Bn), we define
‖f‖∞ = ess sup{|f(x)| : x ∈ B
n}.
If in particular n = 2, then we use dA(z) instead of dm(x) for the normalized
Lebesgue measure, i.e., for z = (x, y) ∈ R2 or z = x + iy = reiθ ∈ D, we write
dA(z) = 1
π
dxdy = 1
π
rdrdθ (cf. [8, Page 1]). The norm ‖f‖Lp is called the Bergman
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norm of f (cf. [19]) and the space L∞(D) is a Banach space with the above norm
(cf. [8, Page 2]).
Hardy norm. Let f be an analytic function of D. Following the notation of [4],
the integral means of f are defined as follows:
Mp(r, f) =
{
1
2π
∫ 2π
0
|f(reiθ)|pdθ
}1/p
, 0 < p <∞;
and
M∞(r, f) = max
0≤θ≤2π
|f(reiθ)|.
A function f analytic in D is said to be of class Hp (0 < p ≤ ∞), ifMp(r, f) remains
bounded as r tends to 1.
The norm
‖f‖p = lim
r→1−
Mp(r, f)
is called the Hardy norm of f , where 0 < p ≤ ∞ (cf. [4] and [19]).
It is convenient also to define the analogous classes of harmonic mappings. A
mapping w(z) harmonic in D is said to be of class hp (0 < p ≤ ∞) if Mp(r, w) is
bounded. It is evident that Hq ⊂ Hp, if 0 < p < q ≤ ∞, and likewise for the hp
spaces. Also, it is evident that Hp ⊆ Lp(D) and hp ⊆ Lp(D), for all p ≥ 1.
Adopting the above classical definition, we say that a quasiconformal mapping
(see the definition below) f on Bn (n ≥ 2) belongs to the class Hp provided (cf. [2,
Page 23]) that
‖f‖p = sup
0<r<1
(∫
Sn−1
|f(rω)|pdσ(ω)
)1/p
<∞,
where ω ∈ Sn−1 and dσ(ω) is the normalized Lebesgue measure on Sn−1. According
to Beurling’s theorem, for a given quasiconformal mapping f , the radial limit
F (ω) = lim
r→1−
f(rω)
exists for a.e. ω ∈ Sn−1. Define M(r, f) := supω∈Sn−1 |f(rω)| for 0 < r < 1. Then
the weighted Hardy space, for −1 < α < ∞ and 0 < p < ∞, is defined as the class
of all univalent functions for which (cf. [3, Page 1])∫ 1
0
M(r, f)p(1− r)αdr <∞.
Poisson integral. Suppose w(z) = u(z) + iv(z) (z = x + iy) is a complex-valued
harmonic mapping of D. Then, there exists analytic functions g and h defined on
D such that w has the canonical representation w = h + g. Also, every bounded
harmonic mapping w defined on D has the following representation
(1.1) w(z) = P [F ](z) =
2π∫
0
Pr(t− θ)F (e
it) dt, z = reiθ ∈ D,
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where F is a bounded integrable function defined on the unit circle T, and
Pr(t− θ) =
1
2π
1− r2
1− 2r cos(t− θ) + r2
,
denotes the Poisson kernel. We refer to [5] for more details and discussions on
harmonic mappings.
For F ∈ Lp(0, 2π), let
‖F‖Lp =
(
1
2π
∫ 2π
0
|F (eit)|pdt
)1/p
, 1 ≤ p <∞.
If p =∞, then we write
‖F‖∞ := ess sup{|F (e
it)| : t ∈ [0, 2π]}.
It is known that if w = P [F ] is the Poisson integral of a function F ∈ Lp(0, 2π),
1 ≤ p ≤ ∞, then w ∈ hp and Mp(r, w) ≤ ‖F‖Lp (cf. [4, Page 11]).
Directional derivative and Jacobian. The formal derivatives of a complex-
valued function w are defined by:
wz =
1
2
(wx − iwy) and wz¯ =
1
2
(wx + iwy) ,
where z = x+ iy ∈ D, and x, y ∈ R.
Assume that z = reiθ ∈ D, then the polar derivatives of w are given as follows:
(1.2) wθ(z) = i
(
zwz(z)− z¯wz¯(z)
)
and rwr(z) = zwz(z) + z¯wz¯(z).
These show that wθ(z) and rwr(z) are harmonic in D and
(1.3) wz(z) =
e−iθ
2
(
wr(z)−
i
r
wθ(z)
)
, wz¯(z) =
e−iθ
2
(
wr(z)−
i
r
wθ(z)
)
are analytic in D.
For each α ∈ [0, 2π], the directional derivative of w at z is defined by
∂αw(z) = lim
r→0+
w(z + reiα)− w(z)
reiα
= wz(z) + e
−2iαwz¯(z).
Then
Λw(z) := max
0≤α≤2π
{|∂αw(z)|} = |wz(z)| + |wz¯(z)|
and
λw(z) := min
0≤α≤2π
{|∂αw(z)|} =
∣∣|wz(z)| − |wz¯(z)|∣∣.
It is well known that w is locally univalent and sense-preserving in D if and only if
its Jacobian satisfies
Jw(z) = |wz(z)|
2 − |wz¯(z)|
2 > 0, for any z ∈ D.
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Quasiregular mappings. In order to state our motivations and results more pre-
cisely, we should introduce the definition of n-dimensional quasiregular mappings.
Following the definition in [18, Page 127] (see also [17, Page 11 and Page 48]), the
definition of a quasiregular mapping in a domain of Rn is given as follows:
Let G ⊂ Rn be a domain, and let n ≥ 2. A mapping f : G → Rn is said to be
quasiregular (briefly, qr.) if
(i) f is an absolutely continuous function in every line segment parallel to the
coordinate axis and there exists the partial derivatives which are locally Ln
integrable functions on Ω (we write f ∈ ACLn).
(ii) there exists a constant K ≥ 1 such that
(1.4) Lf (x)
n ≤ KJf (x),
a.e. in G, where Lf (x) is the maximum stretching for f at the point x, i.e.,
Lf (x) = lim sup
y→x
|f(y)− f(x)|
|y − x|
,
and Jf denotes the Jacobian determinant.
If further, f is a homeomorphism in G, then f is said to be quasiconformal.
The smallest constant K ≥ 1 for which (1.4) holds true is called the outer di-
latation of f and denote by KO(f). If f is quasiregular, then the smallest constant
K ≥ 1, for which the inequality
Jf(x) ≤ Klf (x)
n, where lf (x) = min{|f
′(x)h| : |h| = 1},
holds a.e. in G, is called the inner dilatation of f and denoted by KI(f). The
maximal dilatation of f is the number K(f) = max{KI(f), KO(f)}. If K(f) ≤ K,
then f is said to be K-quasiregular (K-qr.). If f is not quasiregular, we set KO(f) =
KI(f) = K(f) =∞.
It should be noted that the condition f ∈ ACLn guarantees the existence of the
first derivatives of f almost everywhere. Moreover, the condition (i) is equivalent
with the fact that f is continuous and belongs to the Sobolev space W 1,nloc (G), i.e.,
the weak derivative is locally Ln integrable in G, see for example [1, Page 24 and
Page 77].
Harmonic mappings and quasiconformal mappings are natural generalizations of
conformal mappings. Harmonic mappings have nice algebraic properties like power
series and Poisson representation while quasiconformal mappings allows composition
of mappings. We refer the interested readers to [18] for more discussions on the
conformal invariant of quasiregular mappings, and we refer to [9, 10, 13, 15] for
more discussions on harmonic quasiconformal mappings.
Motivations. It was proved in [13, Lemma 2.1] that if w is a harmonic quasicon-
formal mapping of D onto Ω ⊂ C, where Ω is bounded by a rectifiable Jordan curve
Γ, then wz ∈ H
1 and wz¯ ∈ H
1.
Gehring showed in [7, Theorem 1] that suppose E is a domain in Rn and that
f : E → Rn is a K-quasiconformal mapping. Then its maximum stretching Lf is
locally Lp-integrable in E for p ∈ [n, n+ c), where n ≥ 2 and c is a positive constant
which depends only on K and n.
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Let
af(x) = exp
[
1
n|Bx|
∫
Bx
log Jf(y)dm(y)
]
,
where |Bx| is the n-measure of Bx. Notice that if f is conformal, then the mean
value property implies that af = Lf . It is easy to see that if n = 2, then Lf = Λf .
Suppose f is a quasiconformal mapping of Bn and fix 0 < p < ∞. Let F (ω) =
limr→1 f(rω) be the boundary function of f , where ω ∈ S
n−1, and set
Γ(ω) = {x ∈ Bn : |x− ω| ≤ 3(1− |x|)}
be the cone with vertex ω. Then, it follows from [2, Theorem 5.1] that the following
conditions are equivalent: (a) F ∈ Lp(Sn−1); (b)
∫
Bn
af(x)
p(1 − |x|)p−1dm(x) < ∞;
(c) supx∈Γ(ω) af(x)(1−|x|) ∈ L
p(Sn−1). Moreover, according to [2, Theorem 9.3], we
see that if f ∈ Lpn/(n−p)(Bn), 0 < p < n, then Lf ∈ L
q(Bn) for all q < p. Finally,
the authors in [2] also presented three open problems related to quasiconformal
mappings and the Hp space. We also refer to [3] for more discussions on weighted
Hardy spaces and quasiconformal mappings. It should be noted that in [2, 3], the
condition f is univalent, plays an important role in their proofs, see for example [2,
Lemma 2.1 and Lemma 2.3] and [3, Lemma 2.1 and Lemma 2.2].
By comparing the above results, the following problem becomes interesting:
Problem 1. Under what conditions on the boundary function F ensure that the
partial derivatives of its harmonic extension w, i.e., wz and wz¯, are in the space
Lp(D) (or Hp(D)), where p ≥ 1?
Suppose w = P [F ] is harmonic in D with the boundary function F is absolutely
continuous. Then, it follows from [16, Chapter 6] that F is a function of bounded
variation. Thus, for almost all eit ∈ T, the derivative F˙ (eit) exists, where
F˙ (eit) :=
d
dt
F (eit).
Furthermore, we assume that F˙ is of Lp(0, 2π) space (p ≥ 1).
In this paper, under these assumptions on F , we prove that both wz and wz¯ are
of Lp(D) space for any 1 ≤ p < 2. Furthermore, if w is a harmonic quasiregular
mapping, we show that both wz and wz¯ are of H
p space, for all 1 ≤ p ≤ ∞. The
Bergman norm estimates: ‖wz‖Lp, ‖wz¯‖Lp, and the Hardy norm estimates: ‖wz‖p,
‖wz¯‖p are also obtained. The main technique of this paper is the Poisson integral,
and in our proof, we do not require that w is univalent.
Our main results are as follows:
Theorem 1.1. Suppose 1 ≤ p < ∞, w = P [F ] is a harmonic mapping of D with
the boundary function F is absolutely continuous and satisfies F˙ ∈ Lp(0, 2π). Then
for z = reiθ ∈ D,
‖wr‖Lp ≤ (2C(p))
1/p‖F˙‖Lp,
where C(p) is a function of p which is given by (2.5), and thus, wr(z) ∈ L
p(D).
Remark 1.1. (1) In Theorem 1.1, the condition: “F is absolutely continuous” can
not be weakened as: “F is of bounded variation”. This can be seen as follows:
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If a function F is of bounded variation, then F has the following representation:
F = F1 + F2, where F1 is absolutely continuous and F2 is completely singular, i.e.,
F˙2 = 0 a.e. on T (cf. [16, Chapter 6]). Now, suppose F is completely singular. Then
‖F˙‖Lp = 0 a.e. This implies that wr = wθ = 0, and thus, w is a constant function.
However, there exists a function with its boundary function F is completely singular
but its Poisson extension P [F ] is not a constant function (cf. [5, Pages 58-62]).
Therefore, we should assume F is absolutely continuous, which excludes the case of
F is completely singular.
(2) For the case p =∞, the condition F˙ ∈ L∞(0, 2π) can not ensure wr ∈ L
∞(D).
This can be seen as follows: Suppose F (eit) = | sin t|, where t ∈ [0, 2π]. Then
F˙ (t) = cos t, a.e. in [0, 2π], which shows that F˙ ∈ L∞(0, 2π). However, elementary
calculations show that
w = P [F ](r) =
1− r2
πr
log
1 + r
1− r
, 0 < r < 1.
Thus
wr =
2r − (1 + r2) log 1+r
1−r
πr2
→∞,
as r → 1.
Moreover, this example also shows that rwr /∈ h
p, for any 1 ≤ p ≤ ∞.
Theorem 1.2. Suppose 1 ≤ p < 2, w = P [F ] is a harmonic mapping of D with the
boundary function F is absolutely continuous and satisfies F˙ ∈ Lp(0, 2π). Then
‖wz‖Lp ≤
(
C(p) +
1
2− p
)1/p
‖F˙‖Lp and ‖wz¯‖Lp ≤
(
C(p) +
1
2− p
)1/p
‖F˙‖Lp
where C(p) is given by (2.5), and this shows that wz, wz¯ ∈ L
p(D).
Theorem 1.3. Suppose 1 ≤ p ≤ ∞, w = P [F ] is a harmonic quasiregular map-
ping of D with the boundary function F is absolutely continuous and satisfies F˙ ∈
Lp(0, 2π). Then
‖wz‖p ≤ K‖F˙‖Lp and ‖wz¯‖p ≤
K − 1
2
‖F˙‖Lp ,
where K ≥ 1 is the outer dilatation of w. This shows that wz ∈ H
p and wz¯ ∈ H
p.
Remark 1.2. In Theorem 1.3, the assumption that w = P [F ] is quasiregular can not
be removed. We use an example (Example 4.1, see also [12, Page 62]) in Section 4 to
show that there exists an absolutely continuous function F satisfying F˙ ∈ L∞(0, 2π)
and w = P [F ] is harmonic in D but not quasiregular in D, and wz /∈ L
∞(D).
2. Preliminaries
In this section, we should recall some known results and prove three lemmas. We
begin with the convex functions and Jensen’s inequality.
Definition 2.1. ([11, Definition 1]) (a) Let I be an interval in R. Then f : I → R
is said to be convex if for all x, y ∈ I and λ ∈ [0, 1],
(2.1) f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).
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If (2.1) is strict for all x 6= y and λ ∈ (0, 1), then f is said to be strictly convex.
(b) If the inequality in (2.1) is reversed, then f is said to be concave. If it is strict
for all x 6= y and λ ∈ (0, 1), then f is said to be strictly concave.
For 1 ≤ p <∞, the function f(x) = xp is convex in (0,∞). Thus, for any a, b > 0,
the following inequality holds
(2.2)
(
a+ b
2
)p
≤
ap + bp
2
.
Jensen’s inequality (See [6] and [11]). Suppose µ is a regular Borel measure such
that
∫ b
a
dµ > 0, f ∈ L1(dµ), ie.,
∫ b
a
f(x)dµ exists, ϕ is a convex function. Then
ϕ
(∫ b
a
f(x)dµ∫ b
a
dµ
)
≤
∫ b
a
ϕ(f(x))dµ
/∫ b
a
dµ.
Jensen’s inequality has many applications. For example, assume that f is a p.d.f.
(probability density function) of a real-valued random variable X , i.e., f(x) ≥ 0 and∫ ∞
−∞
f(x)dx = 1,
g is a continuous function and ϕ is a convex function. Then
(2.3) ϕ
(∫ ∞
−∞
g(x)f(x)dx
)
≤
∫ ∞
−∞
ϕ(g(x))f(x)dx.
This shows that
ϕ(E[g(X)]) ≤ E[ϕ ◦ g(X)],
where E(X) is the expectation of the random variable X .
Inverse hyperbolic tangent function. The function
tanh x =
ex − e−x
ex + e−x
is called the hyperbolic tangent function. It is easy to see that tanhx is an odd,
increasing function. The Taylor series of tanh x is as follows:
tanhx =
∞∑
n=1
22n(22n − 1)B2nx
2n−1
(2n)!
= x−
x3
3
+
2x5
15
−
17x7
315
+ · · · , |x| <
π
2
,
where Bm is the Bernoulli number which is defined by the following equation:
z
ez − 1
=
∞∑
m=0
Bm
zm
m!
, z ∈ C.
For some m, we can list the values of Bm as follows: B0 = 1, B1 = −
1
2
, B2 =
1
6
,
B4 = −
1
30
, B6 =
1
42
, · · · . Moreover, B2k+1 = 0, where k ≥ 1 is an integer.
The inverse hyperbolic tangent function is as follows:
tanh−1 x =
1
2
log
1 + x
1− x
.
8 Jian-Feng Zhu
It is easy to see that d
dx
tanh−1 x = 1
1−x2
and tanh−1 x has the following Taylor series
tanh−1 x =
∞∑
n=0
1
2n+ 1
x2n+1 = x+
x3
3
+
x5
5
+
x7
7
+ · · · , |x| < 1.
Lemma 2.1. For 0 < r < 1, let
ϕ(r) = log
1
1− r
−
2 tanh−1 r
r
.
Then ϕ(r) is an increasing function of r.
Proof. Elementary calculations show that
ϕ′(r) =
−r(2 + r) + 2(1 + r) tanh−1 r
r2(1 + r)
.
The function ψ(r) := −r(2 + r) + 2(1 + r) tanh−1 r is an increasing function of
r ∈ (0, 1), since
ψ′(r) =
2[r2 + (1− r) tanh−1 r]
1− r
> 0.
Therefore ψ(r) > ψ(0) = 0, which shows that ϕ′(r) > 0 for any 0 < r < 1.
The proof of Lemma 2.1 is complete. 
Lemma 2.2. For 1 ≤ p <∞, θ ∈ [0, 2π] and 0 ≤ r < 1, let
I(r) =
1
π
∫ 2π
0
| sin(t− θ)|
1 + r2 − 2r cos(t− θ)
dt.
Then
(2.4) I(r) =
4 tanh−1 r
πr
and
(2.5) C(p) :=
∫ 1
0
I(r)prdr ≤
4p−1
πp
[
2p + (2− 2−p)Γ(1 + p)
]
.
Proof. Elementary calculations show that
I(r) =
2
π
∫ π
0
sin x
1 + r2 − 2r cosx
dx =
2
πr
log
1 + r
1− r
,
and thus, ∫ 1
0
I(r)prdr =
(
2
π
)p ∫ 1
0
(
2 tanh−1 r
r
)p
rdr.
It follows from Lemma 2.1 that
ϕ(r) = log
1
1− r
−
2 tanh−1 r
r
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is an increasing function of r ∈ [0, 1]. Therefore, ϕ(r) ≥ ϕ(0) = −2, that is,
(2.6)
2 tanh−1 r
r
≤ 2 + log
1
1− r
.
For p ≥ 1, using (2.2) we have the following inequality
(2.7)
(
2 + log 1
1−r
2
)p
≤
2p +
(
log 1
1−r
)p
2
.
Then the inequalities (2.6) and (2.7) lead to∫ 1
0
I(r)prdr ≤
(
2
π
)p ∫ 1
0
2p−1
[
2p +
(
log
1
1− r
)p]
rdr.
Recall that for p ≥ 1 and α > −1, the following equality holds∫ 1
0
tα
(
log
1
t
)p−1
dt =
Γ(p)
(1 + α)p
.
Then ∫ 1
0
(
log
1
1− r
)p
rdr =
2− 2−p
2
Γ(1 + p).
Based on the above facts, we have∫ 1
0
I(r)prdr ≤
4p−1
πp
[
2p + (2− 2−p)Γ(1 + p)
]
.
This completes the proof of Lemma 2.2. 
For some positive integers p, we list some values of the function C(p) as follows:
p 1 2 3 4 5
C(p) pi2
8
3
16
pi
128(30+pi2)
45pi2
256(15+2pi2)
9pi2
Lemma 2.3. Suppose 1 ≤ p ≤ ∞, w = P [F ] is a harmonic mapping of D with the
boundary function F is absolutely continuous and satisfies F˙ ∈ Lp(0, 2π). Then for
z = reiθ ∈ D,
‖wθ‖p ≤ ‖F˙‖Lp,
and thus, wθ(z) ∈ h
p.
Proof. For z = reiθ ∈ D, integral by part leads to
wθ(re
iθ) =
∫ 2π
0
∂
∂θ
{Pr(t− θ)}F (e
it)dt
= −
∫ 2π
0
F (eit)
∂
∂t
{Pr(t− θ)} dt
=
∫ 2π
0
Pr(t− θ)dF (e
it).
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By using
∫ 2π
0
Pr(t − θ)dt = 1 and Jensen’s inequality (note that for 1 ≤ p < ∞,
ϕ(x) = xp is convex), we have∣∣wθ(reiθ)∣∣p ≤
(∫ 2π
0
Pr(t− θ)|F˙ (e
it)|dt
)p
≤
∫ 2π
0
Pr(t− θ)|F˙ (e
it)|pdt,
where 1 ≤ p <∞. The assumption of F˙ ∈ Lp(0, 2π) ensures that
Pr(t− θ)|F˙ (e
it)|p ∈ L1((0, 2π)× (0, 2π)).
Using Fubini’s Theorem we obtain that∫ 2π
0
∣∣wθ(reiθ)∣∣p dθ ≤
∫ 2π
0
dθ
∫ 2π
0
Pr(t− θ)|F˙ (e
it)|pdt(2.8)
=
∫ 2π
0
|F˙ (eit)|pdt
∫ 2π
0
Pr(t− θ)dθ
= 2π‖F˙‖pLp,
which shows that
‖wθ‖p = lim
r→1
(
1
2π
∫ 2π
0
∣∣wθ(reiθ)∣∣p dθ
)1/p
≤ ‖F˙‖Lp,
and thus, wθ(z) ∈ h
p.
For the case p =∞, since F is absolutely continuous, we see from [15, Page 100]
that limr→1wθ(re
iθ) = F˙ (eiθ) a.e. on [0, 2π]. Note that wθ is a harmonic mapping
of D, then the maximum principle property shows that
(2.9) ‖wθ‖∞ ≤ ‖F˙‖∞,
which proves wθ ∈ h
∞.
The proof of Lemma 2.3 is complete. 
Let us end this section by recalling the following results which show that it is nat-
ural to assume the boundary function F is absolutely continuous when we consider
harmonic quasiregular mappings of D onto a bounded domain Ω ⊂ C.
Recall that the Cauchy singular integral CT[ϕ] of a function ϕ : T→ C, which is
Lebesgue integrable on T, is defined as follows: for every ζ ∈ T, let
(2.10) CT[ϕ](ζ) := p.v.
1
2πi
∫
T
ϕ(u)
u− ζ
du := lim
ǫ→0+
1
2πi
∫
T\T(ζ,ǫ)
ϕ(u)
u− ζ
du
whenever the limit exists, and CT[ϕ](ζ) := 0 otherwise, where T(e
ix, ǫ) := {eit ∈ T :
|t− x| < ǫ}.
Given a continuous function ϕ : T→ C and ζ ∈ T, set
(2.11) V [ϕ](ζ) := lim
ǫ→0+
1
2π
∫
T\T(ζ,ǫ)
|ϕ(u)− ϕ(ζ)|2
|u− ζ |2
|du|,
and
(2.12) V ∗[ϕ](ζ) := − lim
ǫ→0+
1
π
∫
T\T(ζ,ǫ)
Im(ϕ(u)ϕ(ζ))
|u− ζ |2
|du|,
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provided the limits exist, as well as V [ϕ](ζ) :=∞ and V ∗[ϕ](ζ) := 0 otherwise.
Theorem A. ([13, Theorem 1.2]) If F is a homeomorphism of T and absolutely
continuous on T, then for a.e. ζ ∈ T the limit in (2.10) with ϕ replaced by F ′ and
the limits in (2.11) and (2.12) exist, and
2CT[F
′](ζ) = ζ¯F (ζ)(V [F ](ζ) + iV ∗[F ](ζ)).
Corollary B. ([13, Corollary 2.2]) Given K ≥ 1 and a domain Ω in C, let w = P [F ]
be a harmonic quasiconformal mapping of D onto Ω. If Ω is bounded by a rectifiable
Jordan curve Γ, then F is absolutely continuous.
3. Proofs of the main results
Proof of Theorem 1.1. Since F is absolutely continuous, integral by part shows
that
wr(re
iθ) =
∫ 2π
0
∂
∂r
{Pr(t− θ)}F (e
it)dt
=
2
1− r2
∫ 2π
0
∂
∂t
{Pr(t− θ) sin(t− θ)}F (e
it)dt
=
2
r2 − 1
∫ 2π
0
Pr(t− θ) sin(t− θ)F˙ (e
it)dt.
Thus ∣∣wr(reiθ)∣∣ ≤ 2
1− r2
∫ 2π
0
Pr(t− θ)| sin(t− θ)||F˙ (e
it)|dt
=
1
π
∫ 2π
0
| sin(t− θ)|
1 + r2 − 2r cos(t− θ)
|F˙ (eit)|dt.
Let
I(r) =
1
π
∫ 2π
0
| sin(t− θ)|
1 + r2 − 2r cos(t− θ)
dt.
It follows from (2.4) that
I(r) =
4 tanh−1 r
πr
.
For 1 ≤ p < ∞, according to Jensen’s inequality (note that ϕ(x) = xp is convex),
we have ∣∣wr(reiθ)∣∣p ≤ I(r)p
(
1
π
∫ 2π
0
| sin(t− θ)|
1 + r2 − 2r cos(t− θ)
1
I(r)
|F˙ (eit)|dt
)p
≤
I(r)p−1
π
∫ 2π
0
| sin(t− θ)|
1 + r2 − 2r cos(t− θ)
|F˙ (eit)|pdt.
The assumption of F˙ ∈ Lp(0, 2π) (1 ≤ p <∞) ensures that
| sin(t− θ)|
1 + r2 − 2r cos(t− θ)
|F˙ (eit)|p ∈ L1((0, 2π)× (0, 2π)).
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By using Fubini’s Theorem, we obtain that∫ 2π
0
∣∣wr(reiθ)∣∣p dθ ≤ I(r)p−1
π
∫ 2π
0
dθ
∫ 2π
0
| sin(t− θ)|
1 + r2 − 2r cos(t− θ)
|F˙ (eit)|pdt
=
I(r)p−1
π
∫ 2π
0
|F˙ (eit)|pdt
∫ 2π
0
| sin(t− θ)|
1 + r2 − 2r cos(t− θ)
dθ
≤ 2π‖F˙‖pLpI(r)
p,
and thus, ∫
D
∣∣wr(reiθ)∣∣p dA(z) = 1
π
∫ 1
0
rdr
∫ 2π
0
∣∣wr(reiθ)∣∣p dθ
≤ 2‖F˙‖pLp
∫ 1
0
I(r)prdr = 2‖F˙‖pLpC(p),
where C(p) is given by (2.5). Then
(3.1) ‖wr‖
p
Lp =
∫
D
∣∣wr(reiθ)∣∣p dA(z) ≤ 2C(p)‖F˙‖pLp,
which shows that
‖wr‖Lp ≤ (2C(p))
1/p‖F˙‖Lp,
and thus, wr(re
iθ) ∈ Lp(D).
The proof of Theorem 1.1 is complete. 
Proof of Theorem 1.2. For z = reiθ ∈ D, it follows from (1.3) that
|wz(z)| ≤
1
2
(
|wr(z)|+
∣∣∣∣wθ(z)r
∣∣∣∣
)
.
For 1 ≤ p <∞, applying (2.2) we have
|wz(z)|
p ≤
1
2p
(
|wr(z)|+
∣∣∣∣wθ(z)r
∣∣∣∣
)p
≤
1
2
(
|wr(z)|
p +
∣∣∣∣wθ(z)r
∣∣∣∣
p)
.
We first estimate ∫
D
∣∣∣∣wθ(z)r
∣∣∣∣
p
dA(z)
as follows: According to (2.8), we see that∫ 2π
0
|wθ(re
iθ)|pdθ ≤ 2π‖F˙‖pLp.
This implies that∫
D
∣∣∣∣wθ(reiθ)r
∣∣∣∣
p
dA(z) ≤ 2‖F˙‖pLp
∫ 1
0
r1−pdr =
2‖F˙‖pLp
2− p
,
where 1 ≤ p < 2.
On the other hand, we already showed in (3.1) that∫
D
∣∣wr(reiθ)∣∣p dA(z) ≤ 2C(p)‖F˙‖pLp,
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where C(p) is given by (2.5) and
C(p) ≤
4p−1
πp
[
2p + (2− 2−p)Γ(1 + p)
]
.
Based on these facts, we have∫
D
|wz(z)|
pdA(z) ≤
(
C(p) +
1
2− p
)
‖F˙‖pLp,
which shows that
‖wz‖Lp ≤
(
C(p) +
1
2− p
)1/p
‖F˙‖Lp,
and thus, wz ∈ L
p(D), for 1 ≤ p < 2.
Similarly, we can prove
‖wz¯‖Lp ≤
(
C(p) +
1
2− p
)1/p
‖F˙‖Lp,
and thus, wz¯ ∈ L
p(D), for 1 ≤ p < 2.
The proof of Theorem 1.2 is complete. 
Proof of Theorem 1.3. For z = reiθ ∈ D, it follows from (1.2) and (2.8) that∫ 2π
0
(
|wz(re
iθ)| − |wz¯(re
iθ)|
)p
dθ ≤
∫ 2π
0
∣∣wθ(reiθ)∣∣p dθ ≤ 2π‖F˙‖pLp ,
where 1 ≤ p < ∞. Since w is a quasiregular mapping, we see that there exists a
constant K ≥ 1 (the outer dilatation of w), such that
|wz(re
iθ)|+ |wz¯(re
iθ)| ≤ K(|wz(re
iθ)| − |wz¯(re
iθ)|).
Therefore, ∫ 2π
0
(
|wz(re
iθ)|+ |wz¯(re
iθ)|
)p
dθ ≤ 2πKp‖F˙‖pLp ,
and thus,
1
2π
∫ 2π
0
|wz(re
iθ)|pdθ ≤ Kp‖F˙‖pLp ,
1
2π
∫ 2π
0
|wz¯(re
iθ)|pdθ ≤
(
K − 1
2
)p
‖F˙‖pLp.
This shows that
Mp(r, wz) ≤ K‖F˙‖Lp and Mp(r, wz¯) ≤
K − 1
2
‖F˙‖Lp.
Therefore, letting r tends to 1, we have
‖wz‖p ≤ K‖F˙‖Lp and ‖wz¯‖p ≤
K − 1
2
‖F˙‖Lp,
which guarantee that wz ∈ H
p and wz¯ ∈ H
p, where 1 ≤ p <∞.
For the case p =∞, by using (1.2) and (2.9), we see that
|wz(re
iθ)| − |wz¯(re
iθ)| ≤ |wθ(re
iθ)| ≤ ‖wθ‖∞ ≤ ‖F˙‖∞.
The quasiregularity of w ensures that, there exists a constant K ≥ 1, such that
|wz(re
iθ)|+ |wz¯(re
iθ)| ≤ K
(
|wz(re
iθ)| − |wz¯(re
iθ)|
)
≤ K‖F˙‖∞.
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Then ‖wz‖∞ ≤ K‖F˙‖∞, and thus, wz ∈ H
∞.
Similarly, we can prove ‖wz¯‖∞ ≤
K−1
2
‖F˙‖L∞ , and thus, wz¯ ∈ H
∞.
The proof of Theorem 1.3 is complete. 
4. An example
In the following, we are going to construct an example (cf. [12, Page 62]), which
shows that the condition w is quasiregular in Theorem 1.3 cannot be removed.
Before we start our discussion, we need to do some preparations.
Following the notation in [14, 15], suppose ϕ is a continuous increasing function
on R, such that ϕ(2π + x)− ϕ(x) ≡ 2π, and let F be the boundary function on T,
satisfying
(4.1) F (eit) = Φ(t) = eiϕ(t),
where Φ is a 2π-periodic, absolutely continuous function on [0, 2π]. According to
[14, Page 100], we see that the Hilbert transformation of Φ′, which is defined as
follows (see for example [15, (2.1)] or [9, Page 242]):
H [Φ′](θ) = −
1
π
lim
ǫ→0+
π∫
ǫ
Φ′(θ + t)− Φ′(θ − t)
2 tan t
2
dt,
exists almost everywhere. Moreover, we have limr→1 rwr(re
iθ) = H [Φ′](θ) a.e. on
[0, 2π], where w(z) = P [F ](z) and z = reiθ ∈ D.
Pavlovic´ proved in [14, Theorem 6.6.1] and [15, Theorem 1.1] that the harmonic
mapping w = P [F ], where F is given by (4.1), is quasiconformal if and only if Φ is ab-
solutely continuous and satisfies the following conditions: (i) ess infθ∈[0,2π] |Φ
′(θ)| >
0, (ii) ess supθ∈[0,2π] |Φ
′(θ)| < ∞, (iii) ess supθ∈[0,2π] |H [Φ
′](θ)| < ∞. Moreover, w is
quasiconformal if and only if w is bi-Lipschitz.
Based on these results, we now use the following example to show that there exists
a boundary function F , such that F˙ ∈ L∞(0, 2π), but w = P [F ] is not quasiregular
(therefore, not quasiconformal), and wz /∈ L
∞(D).
Example 4.1. ([12, Page 62]) Let
ϕ0(x) =


1 +
(
1 + 1
π
)
x, −π ≤ x < 0,
1 +
(
1− 1
π
)
x, 0 ≤ x ≤ π.
For all x ∈ [−π, π] and integer k, set ϕ(x+ 2kπ) = ϕ0(x) + 2kπ and
F (eix) = eiϕ(x).
Then the function ϕ : R → R satisfies the following equation: ϕ(x + 2kπ) =
ϕ(x) + 2kπ, where x ∈ R and k is an integer. The following statements hold:
(A1) F˙ ∈ L∞(0, 2π);
(A2) w = P [F ] is harmonic in D but not quasiregular in D;
(A3) wz /∈ L
∞(D).
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Proof. (A1) Let ζ = eix, where x ∈ [−π, π]. Then
F (ζ) = eiϕ(−i log ζ).
Here and hereafter, denote by log the principal value of the natural logarithm. For
any x 6= 0, ±π, ∣∣∣∣ ddxF (eix)
∣∣∣∣ = |ϕ′0(x)| ≤ 1 + 1π ,
which shows F˙ ∈ L∞(0, 2π).
(A2) Obviously, we have w is a harmonic self-mapping of D. According to the
definition of ϕ, we see that ϕ is an increasing, continuous function with its derivative
exists a.e. on R, and thus, ϕ is absolutely continuous.
Now, we prove w is not a quasiregular mapping by showing that the Hilbert
transformation of F˙ is not essentially bounded.
Let
Φ(x) = eiϕ(x).
Then Φ′(x) exists and continuous a.e. on [−π, π]. Elementary calculations show
that
|H [Φ′](0)| = lim
ǫ→0+
1
π
∣∣∣∣∣∣
π∫
ǫ
Φ′(t)− Φ′(−t)
2 tan t
2
dt
∣∣∣∣∣∣
= lim
ǫ→0+
1
π
∣∣∣∣∣∣
1
π
π∫
ǫ
eit(e
it
pi + e
−it
pi )
2 tan t
2
dt +
π∫
ǫ
eit(e
it
pi − e
−it
pi )
2 tan t
2
dt
∣∣∣∣∣∣
≥
1
π2
∫ π
ǫ
cos t
π
tan t
2
dt−
2
π2
∫ π
0
sin2 t
2
cos t
π
tan t
2
dt
−
1
π2
∫ π
0
sin t cos t
π
tan t
2
dt−
1
π
∫ π
0
sin t
π
tan t
2
dt.
It is easy to see that
2
π2
∫ π
0
sin2 t
2
cos t
π
tan t
2
dt =
1 + cos 1
π2 − 1
,
1
π2
∫ π
0
sin t cos t
π
tan t
2
dt =
sin 1
π2 − 1
,
and
1
π
∫ π
0
sin t
π
tan t
2
dt ≤
2
π
.
Then there is a constant M = 1+cos 1
π2−1
+ sin 1
π2−1
+ 2
π
> 0 such that
|H [Φ′](0)| ≥ lim
ǫ→0+
1
π2
∫ π
ǫ
cos t
π
tan t
2
dt−M.
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The divergence of the integral
∫ π
0
cos t
pi
tan t
2
dt shows that
(4.2) |H [Φ′](0)| =∞.
Since H [Φ′](x) continuous a.e. on [−π, π], we see that (cf. [12, Page 62])
ess sup{H [Φ′](x) : x ∈ [−π, π]} =∞.
Moreover, by straightforward computation we find that (cf. [14, Page 100])
|wr(e
iθ)|2 = A(θ)2 +B(θ)2, where
A(θ) =
1
2π
∫ π
−π
(
sin(ϕ(θ + t)/2− ϕ(θ)/2)
sin t/2
)2
dt
and
B(θ) =
−1
π
∫ π
0+
sin(ϕ(θ + t)− ϕ(θ)) + sin(ϕ(θ − t)− ϕ(θ))
4 sin2(t/2)
dt.
This implies that
ess sup
θ∈[−π,π]
(A(θ)2 +B(θ)2) =∞,
since limr→1 |rwr(re
iθ)| = |H [Φ′](θ)|.
On the other hand, we already knew |ϕ′(θ)| < 1 + 1
π
, and it follows from [14,
(6.26)] that
|wz(e
iθ)|2 =
1
4
(
(A(θ) + ϕ′(θ))2 +B(θ)2
)
and
|wz¯(e
iθ)|2 =
1
4
(
(A(θ)− ϕ′(θ))2 +B(θ)2
)
.
Based on the above discussions, we have
ess sup
z∈D
∣∣∣∣wz¯(z)wz(z)
∣∣∣∣ = 1,
which shows that w is not quasiregular.
(A3) As we have said before, w is a quasiconformal self-mapping of D if and only
if w is bi-Lipschitz. In (A2), we already showed that H [Φ′] is unbounded and w is
not quasiregular (and thus, not quasiconformal) in D. Therefore, w is not Lipschitz
continuous in D, which implies that wz /∈ L
∞(D).
The proof of Example 4.1 is complete. 
Acknowledgments. The author of this paper would like to thank the anonymous
referee for his/her helpful comments that have significant impact on this paper,
and would like to thank Professor Ken-ichi Sakan for his help on the discussions of
Theorem 1.1.
Funding. The research of the author was supported by NSFs of China (No.
11501220), NSFs of Fujian Province (No. 2016J01020), and the Promotion Pro-
gram for Young and Middle-aged Teachers in Science and Technology Research of
Huaqiao University (ZQN-PY402).
Norm estimates for harmonic and harmonic qr. mappings 17
References
1. K. Astala, T. Iwaniec, and G. Martin, Elliptic partial differential equations and quasiconformal
mappings in the plane, Princeton Mathematical Series, Vol. 48, Princeton University Press,
Princeton, NJ, 2009, p. xviii+677.
2. K. Astala and P. Koskela, Hp-theory for quasiconformal mappings, Pure Appl. Math. Q. 7
(2011), 19–50.
3. S. Benedict, P. Koskela, and X. Li, Weighted Hardy spaces of quasiconformal mappings,
arXiv:1904.00519, April, 2019.
4. P. Duren, Theory of Hp spaces, Academic Press, New York, 1970.
5. P. Duren, Harmonic mappings in the plane, Cambridge Univ. Press, New York, 2004.
6. A. M. Fink and M. Jodeit, Jensen inequalities for functions with higher monotonicities, Aequa-
tiones Math. 40 (1990), 26–43.
7. F. Gehring, The Lp-integrability of the partial derivatives of a quasiconformal mapping, Acta
Math. 130 (1973), 265–277.
8. H. Hedenmalm, B. Korenblum, and K. Zhu, Theory of Bergman spaces, Springer, New York,
2000.
9. D. Kalaj, Quasiconformal and harmonic mappings between Jordan domains, Math. Zeit. 260
(2008), 237–252.
10. D. Kalaj and M. Pavlovic´,On quasiconformal self-mappings of the unit disk satisfying Poisson’s
equation, Trans. Amer. Math. Soc. 363 (2011), 4043–4061.
11. D. Mitrinovic´, J. Pecˇaric´, and A. Fink, Classical and new inequalities in analysis, Kluwer
Academic Publishers, London, 1993.
12. D. Partyka and K. Sakan, A note on non-quasiconformal harmonic extensions, Bull. Soc. Sci.
Lettres Lodz, 47(1997), 51–63.
13. D. Partyka and K. Sakan, On bi-Lipschitz type inequalities for quasiconformal harmonic map-
pings, Ann. Acad. Sci. Fenn. Ser. A1-Math. 32 (2007), 579–594.
14. M. Pavlovic´, Introduction to function spaces on the disk, Beograd Publisher, Beograd, 2004.
15. M. Pavlovic´, Boundary correspondence under harmonic quasiconformal homeomorphisma of
the unit disk, Ann. Acad. Sci. Fenn. Ser. A1-Math. 27 (2002), 365–372.
16. W. Rudin, Real and complex analysis, McGraw-Hill Education, New York, 1986.
17. J. Va¨isa¨la¨, Lectures on n-dimensional quasiconformal mappings, Springer, Berlin Heidelberg,
1971.
18. M. Vuorinen, Comformal geometry and quasiregular mappings, Springer, Berlin Heidelberg,
1988.
19. S. Yamashita, Hardy norm, Bergman norm, and univalency, Ann. Polonici Mathe. 43 (1983),
23–33.
Jian-Feng Zhu, Department of Mathematics, Shantou University, Shantou, Guang-
dong 515063, People’s Republic of China and School of Mathematical Sciences,
Huaqiao University, Quanzhou 362021, People’s Republic of China.
E-mail address : flandy@hqu.edu.cn
